Abstract. In this study, we consider three dark energy models in which Λ is not constant, but has a dynamic nature that depends on the Hubble parameter H and/or its time derivativeḢ. We analyse the generalized running vacuum model, characterized by Λ(H) = A + BH 2 + CḢ, along with the two-parameter models obtained by setting B or C equal to zero. In the case with C = 0, one gets the classical running vacuum model. Our main aim is to investigate the effects of spatial curvature on the values that the parameters B and/or C are allowed to take. Constraints are obtained via an MCMC analysis, using data from Type-Ia supernovae, baryon acoustic oscillations and the cosmic microwave background, as well as Hubble parameter measurements at different redshifts. Our results indicate that the presence of spatial curvature shifts the characteristic parameter (B or C) of each two-parameter running vacuum model away from the null value that constitutes the ΛCDM limit. Furthermore, in the non-flat scenarios, the introduction of a measurement of the Hubble constant from the high end of the observationally-established range alters the inferred constraints significantly, and in such a way that the two-parameter models deviate from ΛCDM and are compatible with an open Universe at more than 1σ. We find that the data we use is not sufficient to break the degeneracy between the generalized running vacuum model parameters B and C unless a flat space-time is assumed.
Contents 1 Introduction
Twenty years after the scientific community collectively acknowledged the existence of dark energy, its nature is still as elusive as ever. This despite the plethora of models that have been put forward [1, 2] in an attempt to explain why the Universe seems to be expanding at an accelerated rate [3] [4] [5] , the phenomenon that first brought dark energy -whose negative pressure is supposed to be responsible for the said acceleration -to the forefront of cosmological research.
The initial tentative explanation of dark energy took the form of a cosmological constant Λ included in the field equations that underlie General Relativity. This is not to say that the concept of a cosmological constant emerged two decades ago. Indeed, Λ had been introduced into General Relativity by Einstein himself to ensure a quasi-static distribution of matter [6] . Once the Universe was discovered to be expanding at an increasing rate, however, Λ seemed to provide the means by which the cosmic acceleration could be accounted for [3, 7] . The resulting cosmology is known as ΛCDM (Λ+Cold Dark Matter). In it, the role of dark energy is played by the energy of the vacuum, whose density is hypothesized to remain constant as the Universe expands. Consequently, it begins to dominate the energy budget of the cosmos when the densities of matter and radiation have been sufficiently diluted.
ΛCDM is arguably still the most popular among the many dark energy models that have been proposed. Most of these can be classified as either modified matter or modified gravity models [2] ; the former explain the accelerated expansion of the Universe by introducing a new matter component with negative pressure, such as a scalar field. On the other hand, modified gravity models are based on the view that dark energy is a relic of the inaccuracies in the ΛCDM description of the geometry of the space-time manifold. As yet, however, the available evidence is not sufficient for ΛCDM to be discarded in favour of one of the alternatives [8, 9] . And for good reason: theoretically, its framework is appealingly simple, and when it comes to observations, ΛCDM has not only turned out to be compatible with local gravity experiments [10, 11] , but it also successfully predicted the baryon acoustic oscillations (BAOs) imprint on galaxy clustering [12] and the existence of gravitational waves [13] . Additionally, it can properly describe the cosmology at the redshifts probed by cosmic microwave background (CMB) data [14] [15] [16] . This list is by no means complete, but it serves to illustrate why ΛCDM is considered the standard model of cosmology. On the other hand, it has a number of shortcomings that cannot be overlooked, prominent among which are the cosmic coincidence and smallness problems [17] . Another case in point is the tension between the direct measurement of the Hubble constant reported by Riess et al. [18] and the value obtained by the Planck collaboration [14] in the context of a ΛCDM cosmology. There is also the challenge posed by the 'small-scale crisis' (see ref. [19] and references therein), which refers to the discrepancies between sub-galactic-scale observations and the predictions resulting from N -body simulations of structure formation in the standard model. A sound alternative model of dark energy, therefore, is expected to emulate the successes of ΛCDM while bridging the existing gaps between theory and observation (or some of them, at least). Consequently, such models should mimic ΛCDM at the high redshifts where it is well-tested by CMB data, and give a comparable expansion history at low redshifts, albeit without invoking a true cosmological constant [20] . Furthermore, on Solar-System scales their behaviour must be in accordance with stringent, experimentally-supported General Relativistic predictions [21] . One way of satisfying this condition is by means of screening mechanisms, which depend on the contrast in the densities of the local environment and the cosmic fluid to suppress deviations from the standard model on small cosmic scales (see, for instance, ref. [22] and works cited therein).
In view of all this, and keeping in mind that the successes of ΛCDM have not been eclipsed, the simplest -and perhaps most natural -extension of the standard model is a scenario characterized by a mildly-evolving cosmological 'constant'. We therefore consider three dynamical-Λ models: the Running Vacuum Model (RVM), in which Λ varies with the Hubble parameter H according to the relation Λ(H) = A + BH 2 (A and B being constants), a generalization of the RVM (GRVM) with Λ(H) = A + BH 2 + C(dH/dt), where t is cosmic time and C another constant, and a second sub-case of the GRVM: Λ(H) = A + C(dH/dt). We shall refer to the last as the 'generalized running vacuum sub-case', or GRVS. The GRVM and RVM were introduced in refs. [23] and [24] , respectively, and have been analysed in works such as refs. [23, 25, 26] and [27] , while the GRVS was investigated in ref. [28] as a model whose dark energy component had an equation of state parameter (the pressure to energy density ratio) that could vary with redshift.
These models are especially appealing due to the fact that the corresponding expressions for Λ may be derived from the interpretation of the cosmological 'constant' as a running parameter within perturbative Quantum Field Theory in a curved background, an idea first proposed in ref. [29] . Additionally, the RVM can properly account for cosmic dynamics at both the linear perturbation and background levels [27] -and in certain cases has been shown to outperform ΛCDM [26] . The GRVM is also compatible with observations [23, 25, 28] and it, too, has been reported to receive greater support from cosmological data than ΛCDM [30] .
To our knowledge, however, these models (with Λ(H) taking the exact forms specified above) have not been analysed in the context of a spatially curved space-time -although extended versions have, as discussed in subsection 2.1. Indeed, a great number of works in the literature are based on the assumption that the Universe is (spatially) flat, a practice that we see as concerning, given that many of the studies which show that observational data is consistent with a flat geometry do so on the premise of a ΛCDM cosmology. Our primary aim, therefore, will be to investigate whether the RVM, GRVM and GRVS can admit the possibility of curvature while remaining compatible with the data available. To this end, we will briefly introduce dynamical-Λ models in section 2, with special emphasis on the ones we shall be considering. The likelihoods and statistics employed are reviewed in section 3. Our results are presented and discussed in section 4. We conclude our study in section 5.
Dynamical-Λ models
The literature contains many examples of models in which dynamical dark energy takes the form of a varying Λ. In most cases, Λ is allowed to have a large value at early times, and this then decays to the much smaller one observed at present. Therefore, such models go some way in addressing the smallness problem [31] [32] [33] , which refers to the fact that in ΛCDM, the observed value of ρ Λ (where ρ Λ is the vacuum energy density) happens to be around a factor of 10 120 smaller than the theoretical one [17] .
Endowing Λ with a dynamic nature may be achieved by modelling it as an explicit function of time, but can also be attained by expressing Λ in terms of appropriate cosmic parameters. In the former case, the most popular choice is undoubtedly the inverse power relation given by Λ(t) ∝ t −n , where n, and similarly the parameters A, B and m introduced later, shall henceforth represent a constant. The inverse power-law model features in works such as refs. [34] [35] [36] [37] [38] -the list is by no means exhaustiveand has additionally been investigated in differing scenarios, including a Bianchi Type-I cosmology with a variable gravitational coupling parameter G [39] and the Brans-Dicke theory [40, 41] . Albeit less popular, exponential decay has also been proposed [32, 42] .
In the category of implicit time dependence, one finds works in which Λ is a function of the scale factor a, with expressions such as Λ(a) = Aa n + Ba m [43] [44] [45] [46] and Λ(a) = A + Ba −n , A = 0 [47] . Models having Λ(a) ∝ a −n are very popular -the reader is referred to refs. [48] [49] [50] [51] [52] -and under certain conditions may be seen as equivalent to standard cosmology with matter, radiation and an additional component: an exotic fluid characterized by an equation of state parameter w = n/3 − 1 [53] . More specifically, the inverse-square relation, Λ(a) ∝ a −2 , may have its foundations in quantum cosmology [54] , and in the framework of a closed geometry [55] has furthermore been shown to result from the assumption that the energy density of the Universe is equal to its critical value at all times, not just at present. This assumption would ensure that the current epoch is not special in any way, effectively solving the cosmic coincidence problem. A notable study is ref. [56] : here, the authors present a model in which the vacuum couples with radiation during the radiation-dominated epoch and has an associated energy density that scales as a −4(1−x) , where x depends on the balance between the energy densities of radiation and dark energy. The innovative approach detailed in ref. [57] is based on the ansatz that the decay of vacuum energy into cold dark matter (cdm) causes the energy density of the latter to vary in proportion to a −3+y , rather than to a −3 , as in the standard model. The small positive constant y quantifies the decrease in the rate at which the energy density of cdm gets diluted.
It is interesting to note that spatially flat cosmologies with Λ(a) ∝ a −n have been shown to satisfy lensing data, provided that 1 Ω 0 m ≥ 0.2 and n ≥ 1.6 [53] . A third popular class of expressions for Λ is based on the Hubble parameter and functions thereof. Prominent among these is again the power law: Λ(H) ∝ H n [46, 48, [58] [59] [60] [61] . Other interesting possibilities include combinations of the Hubble parameter (at times raised to a power n) with a m [45, 49] , the total energy density [62] or dH/dt. In particular, the entropic acceleration model [63] is characterized by an entropic force acting at the apparent horizon of the Universe. 2 This force behaves essentially like a dark energy component whose density varies as A(dH/dt) + BH 2 (B = 0) in flat space. According to ref. [64] , however, the entropic model is problematic in that the sign of its deceleration parameter never changes. Additionally, the possibility that it describes the late-time behaviour of a more complete model is ruled out by its failure to reconcile recent cosmic growth data with an accelerated expansion [64] . An alternative entropic model in which Λ(H) is equal to AH + BH 2 also comes short of accommodating observations relating 1 Ω 0 m denotes the current value of the matter density parameter. 2 The apparent horizon is determined by the quantity (H 2 +k/a 2 ) −1/2 , where k is the spatial curvature parameter and a the scale factor, both being normalized [63] . In the absence of spatial curvature, the apparent and Hubble horizons are equivalent.
to the formation of large-scale structure (LSS), while putting Λ(H) ∝ H results in a scenario that is disqualified by CMB data [64] . It has in fact been proposed that when Λ(H) is a simple combination of pure Hubble terms from the set {H, dH/dt, H 2 }, adding a constant to this combination is essential if the model is to properly account for both the transition from deceleration to acceleration and the growth of structure [64] .
The Generalized Running Vacuum Model
The GRVM stems from the interpretation of Λ as a running parameter in the curved space-time version of Quantum Field Theory. The associated energy density, ρ Λ , would then be expected to vary according to a renormalization group equation of the form [65] dρ
The dynamical variable β represents some characteristic infrared-cutoff scale on which ρ Λ depends, and is in general associated with the Hubble parameter H, since this is of the order of the energy scale corresponding to the Friedmann-Lemaître-RobertsonWalker (FLRW) cosmology [25] . The coefficients S n result from the loop contributions of fields having different masses and spins [65] , and the absence of odd powers of β is a result of the general covariance of the effective action [25] .
Given that β ∼ H, the small present-day value of H (∼ 10 −27 m −1 ) implies 3 that terms in eq. (2.1) with n ≥ 2 would be suppressed in the current epoch. An expression for ρ Λ henceforth ρ Λ(H) may then be obtained by integrating the remaining term on the right-hand side. One gets the relation (4π) 2 ρ Λ(H) ∼ S 0 + S 1 β 2 /2, with S 0 denoting the constant of integration. Consequently, if β 2 is identified with a linear combination of H 2 and dH/dt, the expression for ρ Λ(H) becomes (4π) 2 ρ Λ(H) = S 0 +S 2 H 2 +S 3 (dH/dt), whereS 2 andS 3 are constants and only the leading terms have been considered [25] . 4 In conclusion, we shall be investigating a model in which the cosmological constant is replaced with a dynamical Λ that varies according to the equation
The coefficients of H 0 , H 2 andḢ have been written as A, B and C for the sake of simplicity, B and C being dimensionless constants and A having units of length −2 . A dot denotes differentiation with respect to cosmic time t. The model specified by eq. (2.2) is none other than the GRVM, introduced in section 1 -the RVM and GRVS follow as special cases by setting C = 0 and B = 0, respectively. One notes that Λ(H) does not depend explicitly on time, and it is in fact this property that the nomenclature 'running vacuum model' is meant to reflect [25] .
The dynamic nature of Λ(H) implies that the vacuum must couple to matter and/or radiation, transferring energy as it decays. We shall assume that the densities of baryonic matter and radiation evolve as in the standard model, while dark energy couples with cold dark matter -whose energy density is denoted by ρ cdm -according to the relatioṅ
In the system of units we have adopted, ρ Λ(H) = Λ(H)/3, and hence eq. (2.2) translates into
which, when inserted into eq. (2.3), giveṡ
To obtain an expression forḢ, we use eq. (2.2) with the acceleration equation. The latter reads as follows:Ḣ
Here, ρ denotes the sum of the energy densities of cold dark matter (ρ cdm ), baryons (ρ b ) and radiation (ρ r ), while p represents the total of the corresponding pressures. Dark energy is modelled with an equation of state parameter w Λ(H) fixed at −1, as in ΛCDM. If w Λ(H) is instead allowed to vary, it would be possible for dark energy to be conserved independently of the other cosmic fluid components. Such a scenario has been investigated in ref. [28] .
As stated previously, it is assumed that neither radiation nor baryons couple with dark energy. Consequently, cosmic expansion causes the respective energy densities to be diluted in accordance with the familiar standard model relations:
a being the normalized scale factor. A 0-superscript indicates present-day quantities.
Now that we have an expression forḢ, we may differentiate it with respect to t to geẗ H. It is then possible to substitute for the first and second time derivatives of H in eq. (2.5). One gets that 
Here, κ represents the curvature of the spatial hypersurfaces in an FLRW Universe. It is a scaled version of the normalized curvature parameter k, and is defined as the ratio of k to R 2 0 , the latter being the square of the value that the (non-normalized) scale factor R takes at present.
We proceed by replacing the energy densities in eq. (2.9) with the corresponding relations given by eqs. 5 (2.4) and (2.7). It is then possible to determine H as a function of a:
(2.10) Inserting the above into eq. (2.8) gives us the final version of eq. (2.3):
This is straightforwardly solved for ρ cdm , yielding:
In the above equation, H 0 is the present value of the Hubble parameter, and we have made use of the fact that each energy density ρ i has an associated density parameter Ω i , defined as the ratio of ρ i to 6 the energy density ρ c that the cosmic fluid would need to have for the Universe to be exactly flat. In the unit system we have adopted, this critical energy density ρ c is equal to H 2 , and hence Ω i = ρ i /H 2 . Requiring that at present, when a = 1, ρ cdm is given by H 2 0 Ω 0 cdm allows us to reduce the number of free parameters in our model, which explains the absence of A in eq. (2.12).
Equipped with eq. (2.12), we may obtain a similar relation for ρ Λ(H) by first eliminating ρ cdm from eq. (2.10). Eq. (2.12) is then used in conjunction with eq. (2.7), the updated version of eq. (2.10), and eq. (2.2); they are inserted into eq. (2.6) to find an expression forḢ. In all cases, we write the energy densities in terms of the current values of the density parameters. Finally, we substitute for H (eq. (2.10)) andḢ in eq. (2.4), getting that
A few comments about the role of spatial curvature in the running vacuum context are in order before we proceed. In ref. [33] , the RVM is represented as the late-time limit of a model that can describe the complete cosmic history. Its generalized version takes spatial curvature into account [66] , and is characterized by a dynamical Λ that varies with H and a as stipulated by the equation:
where the integer n satisfies n ≥ 1 [33] and Λ ∞ is the limit of Λ(H, a) as a → ∞. H I and H F denote the Hubble parameter at two different epochs, with the former being characteristic of inflation and the latter standing for the final value of H [66] . Lastly, ν and τ are dimensionless constants [66] . The quantity 3ν is the counterpart of the model parameter B we have introduced in eq. (2.2).
The reason why we limit ourselves to the RVM, instead of analysing the extended version just described, is twofold. Firstly, H is expected to be already much smaller than H I at the start of the adiabatic radiation phase [66] . Since we are not concerned with inflation, therefore, but rather with the late-time behaviour of dark energy models, the term in (H/H I ) n may be dropped. Secondly, the explicit inclusion of κ in eq. (2.14) is based on phenomenological considerations [66] . Consequently, we think it would be interesting to study how the RVM, in its original simple form, behaves if Ω 0 k is allowed to vary.
Observational data and corresponding likelihoods
If a model is to be considered a candidate in the dark energy contest, one must first of all determine whether it is compatible with observational data. To this end, we employ Bayesian statistics, and perform a Markov Chain Monte Carlo (MCMC) analysis using the Cosmic Linear Anisotropy Solving System (CLASS) v.2.6.3 [67] in conjunction with Monte Python v.2.2.2 [68] . The plots presented in this work were constructed using the MCMC analysis package GetDist v.0.2.8 [69] .
In this section, we briefly introduce the likelihoods with which we constrain model parameters.
The JLA likelihood for SNeIa
Type-Ia supernovae (SNeIa) make it possible to probe the expansion history of the Universe by looking at how the luminosity distance to an object varies with redshift z. Whenever this relation departs from a pure Hubble law [5] , the difference (to lowest order in z) depends on just the deceleration parameter, and can thus yield important information about the rate at which the Universe is expanding. SNeIa are ideal in this regard because they act as standard candles.
The Joint Light-Curve Analysis (JLA) likelihood is based on a sample of 740 SNeIa [70] . In this case, the relevant observable is the distance modulus µ obs , whose theoretical counterpart is given by:
where the luminosity distance d L should be quoted in Mpc, and is in turn determined from the equation 7
The form of the function F(x) depends on the spatial geometry, such that:
Let us now turn to the χ 2 associated with the JLA likelihood. This may be expressed as χ
where ∆µ is a vector whose i th entry -corresponding to the i th supernova -is the difference between the observed and theoretical distance moduli µ i obs − µ i th [71] . ∆µ JLA . Details about its construction are provided in ref. [70] .
The cosmic chronometer (clocks) likelihood
The Hubble parameter is defined in terms of the scale factor as the ratioȧ/a, and may be expressed as a function of the redshift z by making use of the relation a = 1/(1 + z), getting The differential age (or cosmic chronometer/clocks) method entails measuring dz/dt to directly arrive at H(z). This approach, first put forward in ref. [79] , effectively involves determining the age difference between two cosmic 'chronometers' [79] located in a given redshift interval. The best chronometers are massive early-type galaxies which acquired more than 90 percent of their stellar mass very rapidly at high redshifts, and have been evolving passively since then, without major episodes of star formation [76] that would otherwise dominate the emission spectrum [79] . The age of such a galaxy can consequently be inferred from the differential dating of its stellar population [76] . Table 1 lists the cosmic chronometer data used in this work. 8 Where possible, we chose results that were obtained by utilizing the Bruzual and Charlot 2003 (BC03) stellar population synthesis (SPS) model [80] . It should be pointed out, however, that the values of H(z) are expected to be largely unaffected by the choice of SPS [74, 76] .
The cosmic chronometer likelihood returns a χ 2 according to the equation:
where each H obs i is the observed value from table 1 corresponding to the redshift z i , σ i represents the associated error, and H th (z i ) stands for the theoretical value calculated at z i .
The CMB likelihood
Anisotropies present in the temperature and polarization power spectra of the CMB can yield a wealth of information when used as cosmological probes. For this analysis, we make use of two distance priors related to the amplitude and distribution of the temperature anisotropy peaks: the shift parameter R and the acoustic scale l A . A third distance prior consists of the current value of the baryon density parameter multiplied by 9 h 2 , Ω 0 b h 2 . The shift parameter R characterizes the CMB temperature power spectrum in the lineof-sight direction, and is defined in the following way [81] :
where z * denotes the redshift of the photon decoupling epoch. The angular diameter distance d A may be expressed via the distance-duality relation as
The acoustic scale l A , on the other hand, characterizes the CMB temperature power spectrum in the transverse direction [82] . It, too, depends on d A [81] :
Here, r s (z * ) is the comoving sound horizon evaluated at z * . In our case, it shall be determined numerically by CLASS, although it is worth noting that in general, the function r s (z) takes the form
where c s (z), the sound speed in the photon-baryon fluid, is given by 1/ 3[1 + ψ(z)].
In the standard scenario, ψ(z) equates to 0.75ρ b /ρ γ [81] [82] [83] (ρ γ stands for the energy density of photons). However, ψ(z) should be modified when considering cosmological models in which ρ b and ρ γ do not scale with z in the same way as in the standard model. More details may be found in ref. [25] .
It is interesting to note that while differences in R affect the amplitude of the acoustic peaks, changes in l A are instead reflected in the distribution of peaks and troughs [82] .
The data we use to constrain our model parameters is taken from ref. [82] and shown in table 2. It was obtained in the context of a flat ΛCDM cosmology with A L as a free 9 The dimensionless quantity h is equivalent to H0/(100 km s
.7448 ± 0.0054 301.460 ± 0.094 0.02240 ± 0.00017 Table 2 : Mean values and corresponding errors for the CMB distance priors [82] .
parameter, where A L is the amplitude of the lensing power spectrum. The fact that the data was arrived at on the basis of a particular cosmological model is, however, only a minor disadvantage, since R(z * ) and l A (z * ) are effective observables, and Ω 0 b h 2 is virtually unaffected by the choice of cosmology [82] .
The χ 2 associated with this likelihood is constructed as follows:
Here, the vector ∆x is given by
We use the notation 'obs' to indicate an observed value (taken from table 2), while 'th' denotes the theoretical quantities calculated by CLASS. The covariance matrix C CMB may be obtained in normalized form from ref. [82] . We reproduce it below for ease of reference:
(3.11)
The BAO likelihood
The physics of BAOs is centred around the imprint of a particular scale on late-time matter clustering by pre-recombination acoustic waves [84] . In other words, galaxies clustered with a preferred separation, and this is equal to r s (z d ), the sound horizon (eq. (3.9)) as evaluated at the redshift z d of the drag epoch. The bias in galaxy clustering takes the form of a localized peak in the galaxy correlation function, or a damped series of oscillations in the CMB power spectrum (see ref. [84] and references therein). Consequently, r s (z d ) can be inferred from CMB data, then used with measurements of the angular and redshift separations between clusters to work out the corresponding angular diameter distance and the value of the Hubble parameter at the redshift of the said clusters [85] . It is common practice, however, to use a distance measure that depends on both H(z) and d A -and this is where the volume distance (or dilation scale) d v comes in. First proposed in ref. [12] , it is defined as follows:
In the above, D A denotes the comoving angular diameter distance and is equivalent to
Ref. Table 4 : BAO data. The associated errors, displayed in column 4, were calculated from the corresponding covariance matrices. More details are provided in the main text.
The data used in our analysis is summarized in tables 3 and 4. We introduce the parameter r s, fid (z d ) to represent the sound horizon as evaluated at the drag epoch in the fiducial cosmology (quantities pertaining to this cosmology shall henceforth be indicated by a sub/superscript 'fid'). As for α ⊥ and α , these are dimensionless ratios which describe how the BAO peak is shifted with respect to its position in the fiducial model, and correspond to shifts perpendicular and parallel to the line of sight, respectively [84] :
The choice of a fiducial cosmology is necessary to convert redshifts into comoving distances, but it may inadvertently distort the data. In ref. [84] , therefore, constraints on distances are scaled by the ratio r s, fid (z d )/r s (z d ), the aim being to make a conversion of length scales and thus erase any bias potentially resulting from the fiducial model [84] . The quantities in tables 3 and 4 obtained from other works are also scaled ver-sions of the results quoted in the original publications. The fiducial value of r s (z d ) used to scale the data is the same as the one reported in ref. [84] for a flat ΛCDM model: r s, fid (z d ) = 147.78 Mpc (the exact fiducial values of the relevant cosmological parameters may be found in ref. [84] ).
We can now calculate the associated χ 2 :
Here, the vector ∆x gives the difference between the observed quantities specified in tables 3 and 4 and their theoretical counterparts. Provided the first entries in ∆x are the ones formulated from the uncorrelated data of table 3, the inverse covariance matrix, C −1 BAO , may be constructed as indicated below: 
Results

Preliminaries
For our analysis, we make use of the joint likelihood, which is specified by the function
where we have used the relation L i ∝ exp −χ 2 i /2 for each data set considered in section 3. The joint likelihood shall be referred to as JLA + H(z) + CMB + BAO -or more concisely, as the All data set.
To investigate how our results are affected by measurements of H 0 , we constrain the parameters of each model thrice, first using the All likelihood combination, then extending this to JLA + H(z) + CMB + BAO + H R 0 All + H R 0 , and finally repeating the analysis with a different H 0 , in which case we denote the set of likelihoods by All + H E 0 . H R 0 is the value of H 0 reported by Riess et al. [18] Table 5 : The flat priors assigned to the baseline parameters.
H E 0 stands for the Hubble constant as determined by Efstathiou [91] and amounts to 70.6 ± 3.3 km s −1 Mpc −1 . We do not make use of the Planck value [14] , since this rests on the assumption of a ΛCDM cosmology, and opt instead for direct measurements of H 0 , these being independent of any cosmological model. The tension between the Riess et al. and Planck values has grown from about 2.5σ in 2013 to 3.5σ today [14] , and may be interpreted as a potential indication that ΛCDM is still missing something. On the other hand, the amount by which the Efstathiou value differs from the Planck one is not large enough to serve as compelling evidence for new physics [91] . The lack of consensus about the local value of the Hubble parameter makes it imperative to consider different options for H 0 , especially since, as we later find out from the two-dimensional marginalized probability distribution plots, H 0 is correlated with Ω 0 k in the context of the RVM and GRVS. Additionally, carrying out the analysis in the absence of H 0 and then in its presence allows us to distinguish the effects that are directly attributable to it.
Using the likelihood combinations just described, we run MCMC chains to place constraints on the parameters of the general baseline set Θ, which is given by Θ = {H 0 , Ω 0 cdm h 2 , Ω 0 b h 2 , B, C, Ω 0 k }. It should be noted, however, that Ω 0 k is set to zero when we consider a flat space-time, and in the case of the two-parameter models, Θ contains either B or C, not both. Θ also includes the four nuisance parameters associated with the JLA likelihood: α, β, M and ∆M . The flat priors for the main baseline parameters are listed in table 5. Finally, we note that the reionization redshift z reio is fixed at 8.8 [15] , the effective number of relativistic neutrino species at N eff = 3.046 [92] , and the current CMB temperature at T 0 = 2.7255 K [93] .
The GRVM
The GRVM is characterized by two model parameters, B and C, which turn out to be highly degenerate. In fact, our combination of data sets does not prove enough to break Table 5 : Mean values and 1σ confidence limits for each data set combination in the context of a flat GRVM scenario. In the top block we present the constraints on the baseline parameters, whereas in the lower block we report the constraints on a number of derived parameters.
the degeneracy when Ω 0 k is allowed to vary, as evident from figure 2. Constraints on B are especially weak.
This degeneracy is highlighted in ref. [25] , where the authors find a way around the problem by defining a particular combination of ν ( = B/3) and α ( = C/2) as another effective parameter -labelled ν eff -that is then constrained instead of the original two. They do this by making the approximation
which is justified in light of the fact that ν and α must both be much smaller than unity in magnitude if the deviation from ΛCDM is to be mild. The parameter ξ controls the way the matter energy density (ρ m ) scales with a, and for data fitting the authors assume that the energy density of radiation evolves as in the standard model.
There are several reasons, however, why the approach outlined in ref. [25] cannot be taken here. To begin with, the authors determine ρ m and ρ r in terms of a by considering energy conservation in the presence of Λ(H) and only one other component at any given time -either matter or radiation, depending on which of the two dominates. The expressions thus obtained are then used to formulate ρ Λ(H) as a function of ρ m and ρ r . The fact that we do not simplify our analysis likewise introduces more terms into the relevant equations, as does our decision to treat Ω 0 k as a free parameter for part of the analysis. In conclusion, the expressions we get for ρ cdm and ρ Λ(H) -eqs. (2.12) and (2.13), respectively -include several different combinations of B and C, so that it is not possible to reduce the number of degrees of freedom as detailed in ref. [25] . . The bottom panel shows the corresponding constraints for the second GRVM parameter, C. The contours are coloured according to the data set with which they were obtained; darker (lighter) shades denote 1σ (2σ) confidence intervals. We assume a spatially flat spacetime.
Nonetheless, the constraints we obtain in the context of a flat geometry are informative. From figure 1, it can be seen that both B and C are correlated with H 0 . In the case of B, this behaviour is in stark contrast with the negative correlation observed in the RVM scenario ( figures 3 and 4) , and is likely due to the correlation between C and H 0 , since C is strongly correlated with B. The fact that a larger value of H 0 favours a larger B explains why, in the top panels of figure 1 , the contours obtained with the All + H R 0 likelihood are shifted upwards -in the direction of increasing B -with respect to those resulting from the All + H E 0 and All data sets. The same holds for C, as shown in the bottom panels of figure 1. Consequently, in the context of a flat geometry, the All + H R 0 data set yields mean values for B and C that are incompatible with zero at more than 2σ. This is of importance, since when B and C are zero the GRVM reduces to ΛCDM. We report the respective mean values and 1σ confidence intervals in table 5. An additional interesting feature that shows up in figure 1 , most notably in the joint probability distribution for B (or C) vs H 0 , is the considerably tighter contours obtained with the All + H R 0 data set.
As shown in figure 2, both B and C are negatively correlated with Ω 0 k . This is contrary to the behaviour C displays in the absence of B (figure 7), and may be attributed to the negative correlation between B and Ω 0 k -a feature that emerges with clarity (figure 4) Table 6 : Mean values and 1σ confidence limits for each data set combination in the context of a GRVM scenario. The condition of spatial flatness was not imposed. when we consider the RVM.
Next, we calculate ν eff ( = ν − α = B/3 − C/2) for the three pairs {B, C} in table 5 , and find that in each case it lies within 1σ of the average ν eff obtained in ref. [25] with a data set that includes the BAO d z ( = r s (z d )/d v (z)) estimator. However, the discrepancy increases when the authors replace d z with the acoustic parameter A(z). This is to be somewhat expected, since our BAO likelihood is closer to the one consisting of the d z estimator. We emphasize that such comparisons should be interpreted with caution, since in our model ν eff is not a degree of freedom in itself. Other studies in which the GRVM features [23, 30] also place constraints on ν eff , rather than on ν and α (equivalently, B and C) separately, and also use data sets that differ from ours.
The RVM
As can be deduced from figures 3 and 4 (left panel), there is a strong negative correlation between the model parameter B and the Hubble constant H 0 . In fact, the higher value of H R 0 -as compared to H E 0 -shifts the contours downwards, in the direction of decreasing B. The negative correlation gets more pronounced in the non-flat case, so that the downward shift induced by the H R 0 likelihood results in a mean value of B (quoted in table 8) that is incompatible with zero at more than 1σ. The correlation in question is also evident in the B − Ω 0 k marginalized probability distribution (figure 4), where the inclusion of H R 0 in the data set again displaces the contours towards smaller values of B. Due to the negative correlation between Ω 0 k and B, this effectively shifts the mean value of Ω 0 k away from zero -although the said shift may be partly attributed to the correlation between H 0 and Ω 0 k . Consequently, within 1σ confidence limits, the All + H R 0 likelihood combination points to a space-time with hyperbolic geometry, as indicated by the mean value of Ω 0 k reported in table 8. One also notes that the 1σ and 2σ confidence intervals in figure 4 are tightened when H R 0 is added to the observational data.
A second characteristic which emerges from figure 3 is the fact that, as expected, the B vs Ω 0 m and B vs Ω 0 Λ probability distributions look like a mirror image of each other. Figure 5 depicts the marginalized two-dimensional constraints for the pair {Ω 0 k , Ω 0 m }. We also show a sample of the data points obtained with the All likelihood combination, colour-coded according to the value of B. Here, too, one notes that the All + H R 0 data set favours a negative B of greater magnitude in comparison to the other data sets, and a larger Ω 0 k . The value of ν ( = B/3) we get in the context of a flat geometry compares well with the one arrived at in ref. [25] (ν 1 = 0.0013 ± 0.0018) using SNeIa data, the CMB shift parameter and the BAO d z estimator. We find that the All and All + H E 0 data set combinations yield mean values of B which, once converted to ν, lie within 1σ of ν 1 . On the other hand, the average ν resulting from the All + H R 0 data set is somewhat in tension with ν 1 . We attribute this to the comparatively large value of the Riess et al. measurement and the negative correlation between H 0 and B.
When it comes to the constraints obtained in ref. [25] with the A(z) parameter in place of the d z estimator, the discrepancy between the quoted value of ν ν 2 = 0.0048 +0.0032 −0.0031 and our results becomes more pronounced. As mentioned in relation to the GRVM, this is to be somewhat expected, given the fact that the BAO likelihood which includes Table 7 : Mean values and 1σ confidence limits for each data set combination in the context of a flat RVM scenario. the d z estimator is closer to our own. Additionally, one should consider that there is a significant difference between ν 1 and ν 2 . The effect of using an H 0 likelihood also becomes evident when we compare our values with the one reported in ref. [27] , ν = 1.37
+0.72
−0.95 × 10 −4 . The authors attribute the strong constraints on ν to the inclusion of the CMB temperature fluctuations in the set of cosmological probes [27] . In our study, however, we refrain from computing perturbations, focusing instead on the role played by Ω 0 k . Nonetheless, the mean value of ν ( = B/3) that we obtain with the All likelihood combination for the case Ω 0 k = 0 lies within 1σ of the one in ref. [27] . Due to the negative correlation between B and H 0 , however, the All + H R 0 and All + H E 0 data sets yield negative mean values for B. When spatial curvature is admitted, all three average values of B become negative.
Next, we compare the results we obtain in the flat scenario with those in ref. [26] , a study in which the joint analysis carried out is based on data from SNeIa, BAOs, cosmic chronometers, LSS and the CMB. The authors also investigate the effects of the Table 8 : Mean values and 1σ confidence limits for each data set combination in the context of an RVM scenario. The condition Ω 0 k = 0 was not imposed.
individual likelihoods. The 1σ confidence intervals for ν they report as resulting from data that excludes either the LSS or CMB contribution incorporate the mean values we get with the All and All+H E 0 likelihood combinations, although not with the All+H R 0 data set. In this last case, the tension may be traced to the fact that using both the LSS and CMB likelihoods shifts the mean value of ν away from zero, constraining it to be positive [26] . On the other hand, including a measurement of H 0 in the data set renders the average of ν negative. We note here that although ref. [26] highlights the invaluable contribution of the LSS + CMB combination, we choose not to compute perturbations and focus on observations relating to the background cosmology for the time being, since the work we present here is already quite extensive. It would be very interesting to explore what happens when ν is constrained using H 0 in addition to the LSS, CMB and BAO likelihoods.
Finally, we consider the results of ref. [94] . The approach taken here is curious and insightful: the vacuum energy density is expressed as the sum of independent contributions, and each vacuum component has a matter counterpart with which it interacts at the background and perturbation levels. Energy exchange may only take place between members of the same matter-vacuum pair. It is in this context that the authors of ref. [94] constrain the RVM parameter ν (although they call it α), and find that ν = (−4.7 ± 6.5) × 10 −4 . The mean values we get for ν in the framework of a flat Universe all lie within 1σ of their result.
In ref. [27] , it is pointed out that if dark energy only couples to matter -as in our casethe large amount of non-relativistic particles created in the early Universe would violate constraints imposed by cosmological observations. We find, instead, that for positive values of B, the density of dark energy 'blows up' at high redshifts, causing ρ cdm to become negative. The opposite is noted when B is negative -this time, ρ cdm grows at the expense of ρ Λ(H) . The unrealistic behaviour we observe at early times, however, in the RVM framework. The contours shown indicate 1σ and 2σ confidence limits. The dashed magenta ones correspond to the All + H R 0 data set, while the dot-dashed purple and the solid black contours result from the All + H E 0 and All likelihood combinations, respectively. A sample of points obtained with the All data set is also displayed, colourcoded according to the value of B.
is of no consequence to the results reported here, since the evolution is determined by the equations supplied in section 2 and by the boundary conditions specified at z = 0 (the latter being equivalent to the sampled values assigned to the baseline parameters by Monte Python). This ensures that any inconsistencies at high redshifts do not cause errors to propagate to the dark energy-dominated epoch, which is ultimately what we are focusing on.
There is a second reason why we choose not to couple radiation with vacuum energy: namely, energy exchange between radiation and another component of the cosmic fluid Table 9 : Mean values and 1σ confidence limits for each data set combination in the context of a flat GRVS scenario.
would alter the way in which the CMB temperature scales with redshift. Additionally, the violation of photon number conservation would cause variations in the relation between the angular diameter and luminosity distances [95] . The literature contains many examples of studies that have placed constraints on departures from the standard-model prediction of T CMB ∝ (1 + z) [95] [96] [97] , 10 or on violations of the distance-duality relation [99] [100] [101] [102] . 11 In most cases, these constraints turn out to be compatible with what the standard model predicts. In other words, there is as yet no observational justification for the exchange of energy between radiation and the vacuum to be incorporated into a cosmological model.
In the same vein, since Ω 0 b is subject to very tight constraints, we refrain from coupling the baryon component to dark energy, as this would alter the way in which ρ b scales with redshift. For a review of the said constraints, the reader is referred to the compilation in ref. [103] , as well as to ref. [104] and the works cited therein.
The GRVS
In the left panel of figures 6 and 7, we get again the correlation between C and H 0 that was observed for the GRVM in the flat case. The H R 0 likelihood shifts the contours upwards, so that the mean value of C resulting from the All + H R 0 data set in the non-flat scenario is incompatible with zero at more than 1σ (refer to table 10). The marginalized probability distributions obtained for C vs Ω 0 m and C vs Ω 0 Λ when Ω 0 k is set to zero are portrayed in figure 6 , and have the mirror-image-like quality remarked upon when discussing the RVM. Table 10 : Mean values and 1σ confidence limits for each data set combination in the context of a GRVS scenario. The condition Ω 0 k = 0 was not imposed.
Unlike what happens in the GRVM, however, C now turns out to be correlated with Ω 0 k , as evident from the right panel of figure 7 . This probability distribution also allows us to deduce that the All + H R 0 data set favours an open Universe in the GRVS context, lending support to the conclusions reached when analysing the RVM. Here, too, the reason is twofold: namely, H 0 is correlated with both C and Ω 0 k , so H R 0 , being larger than H E 0 , effectively shifts the 1σ and 2σ contours in the direction of increasing C (upwards) and increasing Ω 0 k (to the right). These correlations may also be inferred from figure 8.
Comparison with ΛCDM
In this subsection, we consider the cosmological parameter constraints obtained by using the All + H R 0 data set in the framework of a ΛCDM cosmology with a freely-varying Ω 0 k . Our choice of data set reflects the fact that when Ω 0 k is not fixed at zero, including the Riess et al. measurement with the other likelihoods yields values for the RVM model parameter B and the GRVS parameter C that are not compatible with zero within 1σ confidence limits. In this region of the parameter space, therefore, the RVM and GRVS emerge as distinct from ΛCDM. We do not extend the comparison to the GRVM, since in this case the results for the non-flat scenario are inconclusive.
The constraints obtained on the basis of a ΛCDM cosmology (which is not assumed to be spatially flat) are summarized in table 11. The second column lists the mean values and corresponding standard deviations that the MCMC analysis yields when we work with the same set of parameters as was used for the GRVM, RVM and GRVS. B and/or C are of course excluded, leaving a total of eight baseline parameters, one less than the Table 11 : Mean values and 1σ confidence limits for the baseline cosmological parameters (top block) and some derived quantities (bottom block) in the context of a ΛCDM cosmology with 8 free parameters (ΛCDM-8) or 9 (ΛCDM-9). The condition Ω 0 k = 0 was not imposed. All constraints were obtained using the All + H R 0 dataset.
nine we had for the RVM and GRVS. Consequently, one cannot simply compare model performance by means of the minimum χ 2 . Instead, we employ the Akaike Information Criterion (AIC) [105] , which takes into account both the number of free parameters (p) and the value of the maximum likelihood (L max ):
Since we are assuming that the theoretical quantities calculated for each likelihood described in section 3 are sampled from a multivariate Gaussian distribution, the AIC may also be expressed as 2p + χ 2 min , where χ 2 min is the minimum χ 2 . Another tool for model selection is the Bayesian Information Criterion (BIC) [106] , given by: 4) where N is the number of observations, here equal to 786 (JLA: 740, H(z): 30, CMB: 3, BAO: 12, H R 0 : 1). Provided the assumption mentioned above for the AIC holds, eq. (4.4) may alternatively take the form BIC = p ln N + χ 2 min . The AIC and BIC for the RVM and GRVS are presented in table 12.
The third column in table 11 lists the constraints obtained for the parameters of a ΛCDM cosmology when the reionization redshift is also allowed to vary. This time, the MCMC analysis is carried out with as many free parameters as were used for the RVM and GRVS, implying that the models may be compared by interpreting the minimum χ 2 as a measure of performance.
As can be deduced from eqs. (4.3) and (4.4), the AIC and BIC statistics do not only penalize for a smaller value of L max , but also for a larger number of free parameters. In general, a smaller AIC/BIC indicates better performance. Table 12 : Comparison of the RVM and GRVS with ΛCDM. This analysis was carried out using the All + H R 0 data set. Each model has a baseline set consisting of 9 free parameters, with the exception of ΛCDM-8, which has 8; Ω 0 k counts as one of the baseline parameters in all cases. ∆AIC is worked out as AIC − AIC ΛCDM-8 , where the latter represents the value of the AIC statistic for ΛCDM-8; ∆BIC is similarly defined.
that the RVM and GRVS are the models with the minimum value for the AIC, which implies that they provide the best fit to the data. When comparing with ΛCDM-9, the same conclusion could be reached by noting that this has a larger χ 2 min than the RVM and GRVS. Although ΛCDM-8 has the same characteristic, in this case one must determine whether the difference in χ 2 min is enough to justify the extra free parameter of the RVM and GRVS. In general, the addition of parameters allows the model to better approximate the data by introducing more degrees of freedom, but this does not necessarily imply a model of greater merit, because it also means that the information supplied by the data has to be 'shared' among more parameters and consequently the resulting estimates tend to be less precise [107] . In such cases, information criteria like the AIC and BIC become indispensable to find a trade-off. From table 12, one notices that while the AIC implies the extra parameter of the RVM and GRVS is called for, the BIC does not.
∆AIC indicates the level of support the data provides for the model with the smaller AIC. An absolute value between 0 and 2 is usually not deemed enough to prefer one model over the other. If |∆AIC| lies in the range from 2 to 4, the model with the larger AIC is considerably disfavoured, while a value of |∆AIC| > 10 renders it practically irrelevant. Similarly, a difference of (magnitude) 2 in the BIC is considered as evidence against the model with the larger BIC, while a difference of (magnitude) 6 or more constitutes strong evidence [108] . With this in mind, we may conclude that according to the AIC, both the RVM and GRVS perform marginally better than the 8-parameter ΛCDM model, but definitely come out on top when compared to the 9-parameter ΛCDM. On the other hand, the BIC statistic selects ΛCDM-8 as the model that best describes the data, and with ∆BIC = 3.2 for both the RVM and GRVS, one could say the level of support for ΛCDM-8 is considerable. This reflects the fact that, provided ln N > 2, the BIC penalizes for extra parameters more harshly than the AIC [109] . Indeed, the additional parameter in ΛCDM-9 causes the BIC to disfavour it strongly relative to the 8-parameter ΛCDM model.
Before we conclude, a number of caveats ought to be highlighted: firstly, the AIC and BIC should, strictly speaking, only be applied if certain conditions are satisfied [110, 111] . For instance, they are both meant to be used with independent observations, not correlated ones [112, 113] . A second shortcoming that should be taken into consideration is the fact that the All + H R 0 data set did not prove sufficient to properly constrain z reio , the extra parameter that distinguishes the ΛCDM-9 scenario from ΛCDM-8. This might partly explain why the ΛCDM-9 model does not have a smaller value for χ 2 min .
Conclusion
Many of the studies that investigate the nature of dark energy do so on the assumption that the Universe is spatially flat. However, it has been shown that if the true geometry is not exactly flat, this assumption could critically distort the conclusions reached about the dynamics of dark energy [114, 115] . It is therefore important to ask what implications a non-zero Ω 0 k would have for dark energy scenarios. To this end, we consider three models from the literature in which the cosmological 'constant' Λ is endowed with a dynamic nature: the GRVM, whose characteristic Λ(H) takes the form A + BH 2 + CḢ [23] , and two sub-cases: the RVM, obtained by setting C to zero [24] , and the model we call the GRVS, which instead has B equal to zero [28] . We assume that the vacuum only exchanges energy with cold dark matter as it decays. The parameters B and/or C are constrained by means of an MCMC analysis, using data from SNeIa, cosmic chronometers, the CMB and BAOs. Each model is investigated in two contexts: a flat space-time, and another in which the possibility of spatial curvature is admitted. For the GRVM, we find that if Ω 0 k is allowed to vary, the collection of data sets we use is not enough to break the degeneracy between B and C. In the flat case, the mean values of B and C turn out to be positive, with 1σ confidence intervals that, when resulting from the All + H R 0 likelihood combination, do not accommodate ΛCDM -to which the model reduces when B = C = 0.
Next, we turn to the RVM. In this scenario, the ΛCDM limit, B = 0, lies at less than 1σ from the mean values obtained on the basis of a spatially flat space-time, but lifting the constraint Ω 0 k = 0 causes the average values of |B| to increase. Indeed, within 1σ confidence limits, the mean value estimated with the All + H R 0 data set is no longer compatible with zero. The fact that this is only the case when H R 0 is included in the set of observations can be attributed to the negative correlation present between B and H 0 in the RVM, which explains why the larger of the two values of H 0 we adopt is the one that shifts the average B towards smaller negative values (whose magnitude is therefore larger) by a significant amount.
The GRVS parallels the RVM in a number of ways. In this model, the mean values of C and corresponding 1σ confidence intervals obtained when Ω 0 k is set to zero are consistent with ΛCDM (here, the standard model corresponds to C = 0), as was the case for B in the RVM. Treating Ω 0 k as a free parameter increases |C|, and due to the correlation between C and H 0 , the inclusion of the H R 0 likelihood yields a mean value of C that is incompatible with zero at more than 1σ.
We also note that in both the RVM and GRVS, the mean value of Ω 0 k returned by the All + H R 0 collection of likelihoods is inconsistent with a flat universe within 1σ limits, and instead lends support to a positive Ω 0 k , equivalent to a space-time with hyperbolic geometry.
In conclusion, the picture that emerges from this study is one in which the presence of spatial curvature appears to allow for greater departures from ΛCDM. To better elucidate the role played by Ω 0 k , however, the constraints placed on the model parameters B and/or C, as well as on Ω 0 k itself, would ideally be tighter. This is especially so in the case when no local measurement of H 0 is included with the likelihoods. It would therefore be interesting to take the cue from ref. [26] (and works cited therein) and compute matter density perturbations for the models, which would then open up the possibility of using cosmic growth data. Furthermore, when analysing the RVM, we noted that the H 0 likelihood had an effect on the mean value of B opposite to the one reported in ref. [26] as resulting from the LSS+CMB combination. This leads us to think that incorporating both LSS data and an H 0 measurement into the collection of likelihoods might lead to very tight constraints on B.
